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SUMMARY 
M e t h o d s  o f  l i n e a r  s y s t e m s  a n a l y s i s  are a p p l i e d  t o  ma themat i ca l  
m o d e l s . o f  a i r c r a f t  f l y i n g  a t  h i g h  a n g l e  of a t tack and  maneuver rate. 
F i r s t - o r d e r  l o n g i t u d i n a l  a n d  l a t e r a l - d i r e c t i o n a l  c o u p l i n g  is ob- 
t a i n e d  by l i n e a r i z i n g  t h e  c o m p l e t e  n o n l i n e a r  e q u a t i o n s  o f  m o t i o n  
abou t  a g e n e r a l i z e d   ( q u a s i - s t e a d y )  t r i m  p a i n t .  "Open-loop" sta- 
b i l i t y  b o u n d a r i e s  are d e f i n e d  u s i n g  t h e  l i n e a r  d y n a m i c  e q u a t i o n s ,  
a n d   " p i l o t - i n - t h e - l o o p "   e f f e c t s  are p r e s e n t e d .   S t a b i l i t y  augmen- 
t a t i o n  s t r u c t u r e s  f o r  m a n e u v e r i n g  f l i g h t  c o n d i t i o n s  are shown t o  
be d e f i n e d  r e a d i l y  u s i n g  o p t i m a l  c o n t r o l  t h e o r y .  
INTRODUCTION 
H i g h - p e r f o r m a n c e  a i r c r a f t  are s u s c e p t i b l e  t o  d e g r a d e d  f l y i n g  
q u a l i t i e s   d u r i n g   m a n e u v e r i n g   f l i g h t   f o r  a number  of   reasons.  The  
a i r c r a f t  f l i e s  a t  h i g h  a n g l e  o f  a t t a c k ,  a ,  where  aerodynamic  f low 
f i e l d s  are complex  and are s e n s i t i v e  t o  small v a r i a t i o n s  i n  f l i g h t  
c o n d i t i o n .   L a t e r a l - d i r e c t i o n a l  modes of   mot ion  are a f f e c t e d  by t h e  
n o s e - h i g h  a t t i t u d e ,  a n d  t h e  d e s i r a b l e  c o n t r o l  moments due t o  a i l -  
e r o n  and  r u d d e r  may be o v e r s h a d o w e d  b y  s i g n i f i c a n t  a d v e r s e  e f fec ts .  
L a r g e  r o l l  ra tes  may be commanded f o r  r a p i d  o r i e n t a t i o n  o f  t h e  l i f t  
v e c t o r ,  a n d  t h e  r e s u l t i n g  g y r o s c o p i c  e f f e c t s  c o u p l e  t h e  l o n g i t u -  
d i n a l   a n d   l a t e r a l - d i r e c t i o n a l  modes  of   motion.  To compound t h e  
a b o v e  d i f f i c u l t i e s ,  t h e  p i l o t  m u s t  a d a p t  h i s  c o n t r o l  s t r a t e g i e s  t o  
v a r y i n g  a i r c r a f t  d y n a m i c s  a n d  c o n t r o l  r e s p o n s e s  a t  h i g h  a .  
R i g o r o u s  s o l u t i o n s  t o  t h e  a i r c r a f t ' s  e q u a t i o n s  o f  m o t i o n  are 
d i f f i c u l t   t o   o b t a i n   i n   m a n e u v e r i n g   f l i g h t .   T h e s e   d i f f e r e n t i a l  
e q u a t i o n s  h a v e  c o e f f i c i e n t s  w h i c h  are n o n l i n e a r  a n d  time v a r y i n g ;  
h e n c e ,  s o l u t i o n s  o f  t h e  g e n e r a l  e q u a t i o n s  r e q u i r e  direct i n t e g r a -  
t i o n ,   e i t h e r   b y   n u m e r i c a l  or a n a l o g   c o m p u t a t i o n .   T h e   r e s u l t i n g  time 
h i s t o r i e s  d e s c r i b e  t h e  e v o l u t i o n  of a i r c r a f t  m o t i o n s  f o r  g i v e n  c o n -  
trols, d i s t u r b a n c e s ,  a n d  i n i t i a l  c o n d i t i o n s ,  a n d  e a c h  c h a n g e  i n  a n y  
o f  t h e s e  q u a n t i t i e s  l e a d s  t o  a new t i m e  h i s t o r y .   C o n s e q ' u e n t l y ,   t h e  
n o n l i n e a r - t  i m e - v a r y i n g  e q u a t i o n s  are v a l u a b l e  f o r  d e f i n i n g  s p e c i f i c  
f l i g h t  p a t h s ,  b u t  t h e i r  c o m p l e x i t y  c a n  o b s c u r e  t h e  i d e n t i f i c a t i o n  
o f  t h e  u n d e r l y i n g  m e c h a n i s m s  w h i c h  g o v e r n  a i r c r a f t  r e s p o n s e .  
*This  work was s u p p o r t e d  b y  C o n t r a c t s  N o .  NAS1-13618, NASA Langley 
R e s e a r c h  C e n t e r ,  a n d  N00014-75-C-0432, O f f i c e  o f  Naval Resea rch .  
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T h i s  paper p r e s e n t s  new r e s u l t s  u s i n g  l i n e a r - t i m e - i n v a r i a n t  
dynamic  equat ions  which r e t a i n  much of t h e  c o u p l i n g  of t h e  n o n l i n e a r  
e q u a t i o n s  b u t  which are amenable t o  t h e  comprehens ive  t echn iques  of 
l i n e a r   s y s t e m s   a n a l y s i s .  The s t a b i l i t y  characterist ics of two  con- 
temporary high-performance a i r c ra f t  are compared a t  v a r i o u s  maneu- 
v e r i n g  f l i g h t  c o n d i t i o n s .  The effects of i n c r e a s i n g  angle  of 
a t tack o n  c o n t r o l  r e s p o n s e  are demons t r a t ed ,  and  a d e t a i l e d  mathe- 
matical model  of t h e  human p i l o t  is appl ied  t o  t h e  p r e d i c t i o n  of 
f l y i n g  q u a l i t i e s .  The f u l l y   c o u p l e d   l i n e a r  a i r c ra f t  m o d e l   a l s o  
forms t h e  basis  for d e s i g n i n g  s t a b i l i t y  a u g m e n t a t i o n  s y s t e m s  t h a t  
i m p r o v e  h a n d l i n g  q u a l i t i e s  and p r e v e n t  d e p a r t u r e  f r o m  c o n t r o l l e d  
f l i g h t .  
SYMBOLS 
F f u n d a m e n t a l   m t r i x   o f   l i n e a r - t i m e - i n v a r i a n t   s y s t e m  
- f v e c t o r  of n o n l i n e a r   e q u a t i o n s   o f   m o t i o n  
G c o n t r o l  effect  m a t r i x  of l i n e a r - t i m e - i n v a r i a n t  s y s t e m  
I i d e n t i t y   m a t r i x  
K s t a b i l i t y   a u g m e n t a t i o n   g a i   m a t r i x  
PYqYr body-ax i s   angu la r  rates (roll, p i t c h ,  yaw) 
t time 
U - c o n t r o l   v a i a b l e   v e c t o r  
u , v , w   b o d y - a x i s   v e l o c i t i e s   ( a x i a l ,   l a t e r a l ,   n o r m a l )  
X - s t a t e  v a r i a b l e  v e c t o r  
x E , y E , z E   t r a n s l a t i o n a l   p o s i t i o n   ( f o r w a r d ,   l a t e r a l ,   v e r t i c a l )  
- Z e i g e n v e c t o r  
a a n g l e   o f  a t tack  
B s i d e s l i p   a n g l e  
x e i g e n v a l u e  
@ , e , $  E u l e r  ang le s  (roll, p i t c h ,  yaw) 
( > T  t r a n s p o s e   o f  a v e c t o r  
( ‘ 1  d e r i v a t i v e  w i t h  respect t o  time 
A (  1 p e r t u r b a t i o n   q u a n t i t y  
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EQUATIONS OF MOTION 
T h e  f u n d a m e n t a l  e x p r e s s i o n  of r i g i d - b o d y  e q u a t i o n s  of m o t i o n  
c o n t a i n s  n o n l i n e a r  a n d  t i m e - v a r y i n g  t e r m s ,  b u t  s i m p l i f i c a t i o n s  c a n  
be c o n s i d e r e d   i n   c e r t a i n  cases. F i g u r e  1 i l l u s t r a t e s  t h e  classes 
of models which c a n  be c o n s i d e r e d  f o r  a n a l y z i n g  f l i g h t  m o t i o n s .  
If t h e  d y n a m i c  c o e f f i c i e n t s  are  c h a n g i n g  r a p i d l y  w i t h  t i m e ,  i n  
c o m p a r i s o n  w i t h  t h e  time scale  o f  m o t i o n s ,  t h e  dynamic  model  must  
b e  time v a r y i n g ;  i f  t h e  c o e f f i c i e n t s  are  r e l a t i v e l y  c o n s t a n t ,  a 
t i m e - i n v a r i a n t  model w i l l  s u f f i c e .  If f l i g h t   m o t i o n s   e v i d e n c e  
t h e  s u p e r p o s i t i o n  c h a r a c t e r i s t i c ;  i . e . ,  i f  d o u b l i n g  t h e  i n p u t  
d o u b l e s  t h e  o u t p u t ,  t h e n  l i n e a r  models c a n  be u s e d ;  i f  n o t ,  t h e  
dynamic model must  be n o n l i n e a r .  
T h e  n o n l i n e a r  e q u a t i o n s  of m o t i o n  c a n  be assembled i n  t h e  
s i n g l e  "state-space" ( v e c t o r )   e q u a t i o n  
- & = "- f ( x , u , t )  
where x is a c o l u m n   v e c t o r  of s t a t e  (o r  m o t i o n )  v a r i a b l e s ,  u is 
a v e c t o r  of c o n t r o l  v a r i a b l e s ,  f is t h e  v e c t o r  of dynamic  equa-  
t i o n s ,   a n d  t is  time. F o r  r igid-body m o t i o n ,  f and  x each have  
1 2  e l e m e n t s  r e p r e s e n t i n g  t h e  d y n a m i c  r e l a t i o n s K i p s  a n d  associated 
v a r i a b l e s  f o r  t r a n s l a t i o n a l  a n d  r o t a t i o n a l  k i n e m a t i c s  a n d  d y n a m i c s .  
U s i n g  c o n v e n t i o n a l  n o t a t i o n  f o r  e a r t h - r e l a t i v e  p o s i t i o n ,  earth- 
body E u l e r  a n g l e s ,  a n d  body-axis r a t e s ,  t h e  s t a t e  v e c t o r  c a n  be 
d e f i n e d  as  
where  ( )T  d e n o t e s  t h e  column vector  t r a n s p o s e ,  i .  e .  , a row 
v e c t o r .   T h e   c o n t r o l   v e c t o r ,   u ,   c o n t a i n s  a t  l e a s t  th ree  e l e m e n t s  
f o r  r o t a t i o n a l   c o n t r o l   a b o u t  all axes. F u r t h e r  d e t a i l s  of t h e  
n o n l i n e a r  e q u a t i o n s  of m o t i o n  c a n  be f o u n d  i n  r e f e r e n c e s  1 and  2 .  
N o n l i n e a r - t i m e - i n v a r i a n t  models are  u s e f u l  i f  a m p l i t u d e -  
d e p e n d e n t  e f fec ts  c a n n o t  be i g n o r e d  b u t  time v a r i a t i o n s  of t h e  
c o e f f i c i e n t s  are  n e g l i g i b l e .   N o n l i n e a r   p h e n o m e n a ,   s u c h  as limit 
c y c l e s ,   s u b h a r m o n i c   r e s p o n s e ,   j u m p   r e s o n a n c e ,   a n d   n o n l i n e a r  
cross c o u p l i n g  may be r e s p o n s i b l e  f o r  s u c h  a i r c r a f t  b e h a v i o r  as 
wing rock,  p o r p o i s i n g  (o r  b u c k i n g ) ,   j u m p   r e s p o n s e  of r o l l  r a t e  
t o  a i l e r o n  i n p u t ,  a n d  f o r c i n g  of l o n g i t u d i n a l  modes by l a t e ra l  
o s c i l l a t i o n s   d u r i n g   s y m m e t r i c ,   w i n g s - l e v e l  f l i g h t  ( r e f s .  3 and  4 ) .  
T h e  s t a b i l i t y  a n d  c o n t r o l  of small v a r i a t i o n s  a b o u t  t h e  
r e f e r e n c e  f l i g h t  p a t h  c a n  be i n v e s t i g a t e d  u s i n g  l i n e a r  d y n a m i c  
models whose c o e f f i c i e n t s  may v a r y  i n  time as  t h e  f l i g h t  c o n d i t i o n  
v a r i e s .   L i n e a r - t i m e - v a r y i n g  models c o u l d  be r e q u i r e d  t o  assess 
a i r c ra f t  s t a b i l i t y  d u r i n g  r a p i d  a c c e l e r a t i o n ,  d e c e l e r a t i o n ,  o r  
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f o r  s t e e p ,  h i g h - s p e e d  f l i g h t  p a t h s ,  i n  w h i c h  c h a n g i n g  a i r  d e n s i t y  
a f f e c t s  s y s t e m  dynamics  ( re fs .  5 t o  7 ) .  R e f e r e n c e  2 i n d i c a t e s  
t h a t  t h e  a c c e l e r a t i o n s  a s s o c i a t e d  w i t h  a i r  combat  maneuver ing  
i n t r o d u c e  t i m e - v a r y i n g  c o e f f i c i e n t s  i n  l i n e a r  m o d e l s ;  h o w e v e r ,  
e x p l i c i t  t i m e - v a r y i n g  d y n a m i c  e f fec ts  were n o t  f o u n d  t o  be 
s i g n i f i c a n t ,  a n d  a l l  major c o n c l u s i o n s  r e g a r d i n g  t h e  f l i g h t  
s t a b i l i t y  o f  t h e  s u b j e c t  a i r c r a f t  c o u l d  be drawn from t h e  e q u i v a -  
l e n t  t i m e - i n v a r i a n t  m o d e l .  
T h e  a i r c r a f t  e q u a t i o n s  o f  m o t i o n  c a n  be expressed i n  l i n e a r  
form b y   p e r f o r m i n g  a T a y l o r  se r ies  e x p a n s i o n  o f  e q u a t i o n  (1) and 
r e t a i n i n g   o n l y   f i r s t - o r d e r  terms. T h e   e x p a n s i o n   r e s u l t s   i n  
+ f  
-X 
Ax + f Au - -u - 
where fx and  f u  a r e  p a r t i a l  d e r i v a t i v e  matrices w i t h  respect t o  
t h e  sta€e a n d  F o n t r o l ,  r e s p e c t i v e l y ,  e v a l u a t e d  a l o n g  t h e  n o m i n a l  
f l i g h t   p a t h .   T h e   n o m i n a l   f l i g h t   p a t h   s a t i s f i e s   e q u a t i o n  (l), and 
t h e   d y n a m i c s   o f  small p e r t u r b a t i o n s  f r o m  t h e  f l i g h t  p a t h  are  
described by 
A; - = F Ax + G Au - - 
where  fx and f u  are deno ted  by  F and  G and  may c o n t a i n  time- 
v a r y i n g - c o e f f i E i e n t s .  
L i n e a r - t i m e - i n v a r i a n t  models d e s c r i b e  s m a l l - p e r t u r b a t i o n  
s t a b i l i t y  i n  t h e  v i c i n i t y  of a s i n g l e  f l i g h t  c o n d i t i o n ,  a n d  c a n  
b e  u s e f u l  f o r  p r a c t i c a l  a p p r o x i m a t i o n  of s y s t e m   d y n a m i c s ,   f o r  
s e n s i t i v i t y   a n a l y s e s ,   a n d  f o r  c o n t r o l   s y s t e m   d e s i g n .   ( R e f e r e n c e s  
8 t o  11 u s e  l i n e a r  models i n  t h e  e x a m i n a t i o n  o f  d y n a m i c  c o u p l i n g  
phenomena.)  A s  shown i n   f i g u r e  1, c o e f f i c i e n t s   o f   t h e   l i n e a r  
model  are d e f i n e d  b y  t h e  loca l  s l o p e s  a t  a g i v e n  f l i g h t  c o n d i t i o n ,  
a n d  t h e  p r i n c i p l e  of s u p e r p o s i t i o n  a p p l i e s  i n  c h a r a c t e r i z i n g  
f l i g h t  m o t i o n s .  
T h e   i m p o r t a n c e  of l i n e a r i z i n g  a b o u t  a g e n e r a l i z e d  trim con- 
d i t i o n  is  i l l u s t r a t e d  b y  f i g u r e  2 ,  w h i c h  p r e s e n t s  l i n e a r  a n d  
n o n l i n e a r   r e s p o n s e s  t o  a l a r g e   r u d d e r   i n p u t .   T h e   n o n l i n e a r  
m o d e l ' s  t r ace  d e m o n s t r a t e s  s i g n i f i c a n t  l o n g i t u d i n a l / l a t e r a l -  
d i r e c t i o n a l  c o u p l i n g  as well as large r e s p o n s e s  i n  s i d e s l i p ,  6 ,  
and roll r a t e ,  p .   The  model which i s  l i n e a r i z e d  a b o u t  t h e  i n i t i a l  
" w i n g s - l e v e l "  f l i g h t  c o n d i t i o n  d o e s  n o t  p o s s e s s  t h i s  c o u p l i n g ,  
and t he  m a g n i t u d e s  of 6-p o s c i l l a t i o n s  are u n d e r e s t i m a t e d  ( f i g .  2 a ) .  
U s i n g  t h e  g e n e r a l i z e d  t r i m  p r o c e d u r e *  t o  d e f i n e  a l i n e a r i z a t i o n  
* T h i s  trim p r o c e d u r e ,  d e s c r i b e d  i n  r e f e r e n c e  1, n u m e r i c a l l y  d e f i n e s  
mean v a l u e s  of t r a n s l a t i o n a l  a n d  r o t a t i o n a l  r a t e s  which  minimize  
t r a n s l a t i o n a l  a n d  r o t a t i o n a l  a c c e l e r a t i o n s  f o r  g i v e n  E u l e r  a n g l e s  
a n d  c o n t r o l  s e t t i n g s .  
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p o i n t  4 sec i n t o  t h e  m a n e u v e r  i n t r o d u c e s  t h e  m i s s i n g  l o n g i t u d i n a l /  
l a t e r a l - d i r e c t i o n a l  c o u p l i n g ,  l e a d i n g  t o  s u b s t a n t i a l l y  i m p r o v e d  
modeling  of t h e  n o n l i n e a r  s y s t e m ' s  o s c i l l a t i o n s   ( f i g .   2 b ) .  The  
coup led  l i n e a r  s y s t e m ' s  r e s p o n s e  e v e n t u a l l y  d i v e r g e s  f r o m  t h e  
n o n l i n e a r  r e s p o n s e ,  b u t  t h e  f a c t  t h a t  i t  s t a y s  i n  t h e  p r o p e r  
n e i g h b o r h o o d  f o r  s e v e r a l  s e c o n d s  s u g g e s t s  t h e  u t i l i t y  o f  t h e  
l i n e a r - t i m e - i n v a r i a n t  m o d e l  i n  d e f i n i n g  l o c a l  s t a b i l i t y ,  i n  p ro-  
v i d i n g  a b a s e l i n e  f o r  c o n t r o l  s y s t e m  d e s i g n ,  a n d  i n  a n a l y z i n g  
p i l o t i n g  e f f e c t s .  
MANEUVERING EFFECTS ON STABILITY 
C o n f i g u r a t i o n - d e p e n d e n t  e f f e c t s  a n d  common a t t r i b u t e s  o f  
m a n e u v e r i n g  f l i g h t  can b e  s e e n  i n  c o m p a r i s o n s  o f  t h e  s t a b i l i t y  
b o u n d a r i e s   o f   t w o   c o n t e m p o r a r y   h i g h - p e r f o r m a n c e   a i r c r a f t .  Air- 
c r a f t  A is  a small, s u p e r s o n i c  a i r  s u p e r i o r i t y  f i g h t e r  ( r e f .  1);  
a i r c r a f t  B is a l a r g e r  s u p e r s o n i c  f i g h t e r  w i t h  similar m i s s i o n  
( r e f .  2 ) .  
The s t a b i l i t y  boundar i e s  o f  t h e  a i r c r a f t  are  d e f i n e d  by t h e  
c o n d i t i o n s  a t  wh ich  the  r ea l  p a r t s  o f  t h e  e i g e n v a l u e s  ( o r  r o o t s )  
of t h e   1 . i n e a r - t i m e - i n v a r i a n t  dynamic  e q u a t i o n   ( e q .  ( 4 ) )  change 
s i g n .   T h e  1 2  e i g e n v a l u e s ,  h i  ( i = 1  t o   1 2 ) ,   o f   t h e   e q u a t i o n  are  
complex  numbers ,  each  o f  wh ich  sa t i s f i e s  t h e  f o l l o w i n g  e q u a t i o n :  
d e t  h i I  - F = 0 ; i =  1 t o  1 2  0
where  I is t h e  i d e n t i t y  m a t r i x .   E a c h   o s c i l l a t o r y  mode is r e p r e -  
s e n t e d  by  two  complex-conjugate h i ,  w h i l e  e a c h  c o n v e r g e n t  ( o r  
d i v e r g e n t )  mode is r e p r e s e n t e d  by one  rea l  X i .  The X i  d e s c r i b e  
t h e  time scales a n d  s t a b i l i t y  o f  t h e  n o r m a l  m o d e s  o f  m o t i o n ,  
w h i c h  u s u a l l y  p a r t i t i o n  i n t o  a l o n g i t u d i n a l  se t  ( s h o r t  p e r i o d  
o s c i l l a t i o n ,  p h u g o i d  o s c i l l a t i o n ,  a n d  p u r e  i n t e g r a t i o n s  ( X i = O )  
f o r  r a n g e  a n d  a l t i t u d e )  a n d  a l a t e r a l - d i r e c t i o n a l  s e t  (Dutch 
r o l l  o s c i l l a t i o n ,  r o l l  and  s p i r a l ' c o n v e r g e n c e s ,  a n d  p u r e  i n t e g r a -  
t i o n s  f o r  c r o s s r a n g e  a n d  yaw a n g l e )  d u r i n g  " w i n g s - l e v e l "  f l i g h t .  
The  c o r r e s p o n d i n g   c o m p l e x - v a l u e d   e i g e n v e c t o r s ,   z i ,   i n d i c a t e  
t h e  i n v o l v e m e n t  o f  e a c h  m o t i o n  v a r i a b l e  i n  e a c h  m o d e ,  s a t i s f y i n g  
t h e  e q u a t i o n  
( x i l  - F z = o ; i = l  t o  12 ) -i 
For  example,  i n  s y m m e t r i c  f l i g h t  t h e  two  complex-conjugate   e igen-  
v e c t o r s  a s s o c i a t e d  w i t h  t h e  s h o r t  p e r i o d  o s c i l l a t i o n  n o r m a l l y  
i n v o l v e  l a r g e  p i t c h  r a t e  and  normal  ve loc i ty  components  (Aq and 
w ) ,  small p i t c h  a n g l e  a n d  a x i a l  v e l o c i t y  c o m p o n e n t s  (A0 and  Au),  
and  none  of t h e  r e m a i n i n g  l o n g i t u d i n a l  a n d  l a t e r a l - d i r e c t i o n a l  
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components .   Thus ,   the  zi are  s a i d  t o  characterize t h e  "shape"  of 
each  mode ,  wh i l e  t he  X i  c h a r a c t e r i z e  t h e  g r o w t h  o r  decay of t h e  
magnitude of zi. 
S e v e r a l   e f f e c t s  of m a n e u v e r i n g   f l i g h t  c a n  be  n o t e d .  I n -  
c r e a s i n g  mean a n g l e  of a t t a c k  o r  p i t c h  r a t e  a l t e r s  t h e  time s c a l e ,  
s t a b i l i t y ,  a n d  s h a p e  o f  e a c h  mode, b u t  i t  d o e s  n o t  c o u p l e  t h e  
l o n g i t u d i n a l  a n d  l a t e r a l - d i r e c t i o n a l  se t s ,  as symmetry is main- 
t a i n e d ;  t h e r e f o r e ,  t h e  number  of  non-zero elements i n  each  zi is  
unchanged.   In t roducing  mean s i d e s l i p ,  r o l l  r a t e ,  o r  yaw ra te  
leads t o  f u l l  c o u p l i n g ,  and  it a l t e r s  a i r c r a f t  s t a b i l i t y ;  h e n c e ,  
t h e  number  of  non-zero elements i n  each  Z i  i n c r e a s e s .  I t  is 
o f t e n  f o u n d  tha t  s y m m e t r i c  v a r i a t i o n s  have g r e a t e s t  e f f e c t  on 
s t a b i l i t y  ( d u e  t o  c h a n g e s  i n  a e r o d y n a m i c   f l o w   f i e l d s ) ,  w h i l e  
asymmetric v a r i a t i o n s  h a v e  g r e a t e s t  e f f e c t  on mode shape  ( a s  a 
c o n s e q u e n c e  o f  i n e r t i a l  c o u p l i n g ) .  
F i g u r e  3 i l l u s t r a t e s  t h e  e f f e c t s  o f  a. a n d  Bo on the  open-  
loop  s t a b i l i t y  b o u n d a r i e s  o f  t h e  two a i r c r a f t  a t  a n  a l t i t u d e  o f  
6100 m .  The d i f f e r e n t   t r u e   a i r s p e e d s ,  V o ,  used i n  a n a l y s i s  have 
small e f f e c t  on t h e  s t a b i l i t y  b o u n d a r i e s ,  a l t h o u g h  t h e  d i f f e r i n g  
d y n a m i c  p r e s s u r e s  a f f e c t  t h e  n a t u r a l  f r e q u e n c i e s  a n d  time c o n s t a n t s  
of t h e  normal   modes .   Ai rcraf t  A e v i d e n c e s  a n  u n s t a b l e   p h u g o i d  
mode a t  low ct0 and a n  u n s t a b l e  D u t c h  roll mode ( d u e  t o  n e g a t i v e  
damping) a t  h igh  a ,  ( f i g .  3 a ) .  T h e s e  r e s u l t s  are  a p p a r e n t l y  
i n s e n s i t i v e  t o  small s i d e s l i p  a n g l e s ;  h o w e v e r ,  t h e r e  i s  sub- 
s t a n t i a l  change i n  mode shape   (no t   shown) .   Al though  convent iona l  
names a re  u s e d ,  t h e  "phugoid" mode c o n t r i b u t e s  t o  s i g n i f i c a n t  r o l l  
a n g l e  m o t i o n ,  and  t h e  " D u t c h  r o l l "  mode c o n t a i n s  n o n - t r i v i a l  
n o r m a l   v e l o c i t y   r e s p o n s e .  A t  h i g h e r   s i d e s l i p   a n g l e s ,   t h e r e  are  
c o u p l e d ,  u n s t a b l e  o s c i l l a t i o n s  a n d  d i v e r g e n c e s ,  w h i c h  a l s o  are 
f o u n d   i n  t h e  r e sponse   o f  Aircraft  B ( f i g .  3 b ) .  The l a t t e r  a i r -  
c r a f t  is seen t o  p o s s e s s  u n s t a b l e  D u t c h  r o l l  a n d  r o l l - s p i r a l  
o s c i l l a t i o n  b a n d s  i n  t h e  v i c i n i t i e s  o f  20- and  30-deg a n g l e  of 
a t t a c k .  B o t h  i n s t a b i l i t i e s  c a n  b e  t r a c e d  t o  l o s s  o f   d i r e c t i o n a l  
r e s t o r i n g  moments. 
F i g h t e r  a i r c r a f t  are  c a p a b l e  o f  h i g h  r o l l  r a t e ,  and  a i r  
combat   maneuvers   o f ten   inc lude   such   mot ions .   For  t h e  a i r c r a f t  t o  
r o l l  w i t h  c o n s t a n t  a e r o d y n a m i c  a n g l e s ,  t h e  roll r a t e ,  pwo,  must 
o c c u r  a b o u t  t h e  wind  x-ax is  (which  is t h e  same as t h e  s t a b i l i t y  
x - a x i s   f o r   c o n s t a n t   n o m i n a l   a e r o d y n a m i c   a n g l e s ) .   S i d e s l i p   v a r i a -  
t i o n s  a l s o  are c o n s i d e r e d ,  since p i l o t i n g  e r r o r  c o u l d  eas i ly  
r e s u l t  i n  n o n - z e r o  Bo d u r i n g  a r o l l i n g   m a n e u v e r .   B o t h   p o s i t i v e  
and  nega t ive  pw0 are  c o n s i d e r e d ,  t o  a c c o u n t  f o r  r o l l  " i n t o "  o r  
" o u t   o f "  t h e  s i d e s l i p .   ( T h e  senses are  o p p o s i t e  i n  t h e  f i r s t  
c a s e ,  i d e n t i c a l  i n  t h e  s e c o n d . )  
The s t a b i l i t y  b o u n d a r i e s  t h a t  r e s u l t  f r o m  c o m b i n e d  r o l l  r a t e  
a n d  s i d e s l i p  are shown i n  f i g u r e  4 ,  and it  is i n t e r e s t i n g  t o  n o t e  
s t r i k i n g  similarities between t h e  b o u n d a r i e s  o f  t h e  two a i r c r a f t .  
These  boundar i e s  are a n t i s y m m e t r i c  a b o u t  t h e  o r i g i n  ( a s  i n d i c a t e d  
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i n  f i g .  4 b )  b e c a u s e  p o s i t i v e  s i d e s l i p - p o s i t i v e  r o l l  r a t e  h a s  t h e  
same e f f e c t  o n  a i r c r a f t  s t a b i l i t y  as n e g a t i v e  s i d e s l i p - n e g a t i v e  
r o l l  r a t e .  B o t h   a i r c r a f t   h a v e   s t a b l e   b a n d s  near f3,=10 deg when 
pw0 is l a r g e ,  a b e n e f i c i a l   e f f e c t   o f   c o u p l i n g .   I n s t a b i l i t y  is 
s u b s t a n t i a l  when e a c h  a i r c r a f t  is s i d e s l i p p e d  " i n t o "  t h e  r o l l .  
T h e  e i g e n v e c t o r s  ( n o t  s h o w n )  i n d i c a t e  t h a t  h i g h  pw0 c a u s e s  t h e  Ap 
component  of  the  shor t -per iod  mode t o  b e  g r e a t e r  t h a n  t h e  Aq 
component. 
R e f e r e n c e s  1 and 2 p r e s e n t  r e s u l t s  r e g a r d i n g  t h e  s t a b i l i t y  o f  
symmetric p u l l u p s  a n d  a maneuver known as a " r o l l i n g  r e v e r s a l "  
( h i g h - g   p u l l u p ,  roll, i n v e r t e d   f l i g h t ,   r o l l - o u t ,   a n d   p u l l u p ) .   B o t h  
a i r c r a f t  h a v e  l a t e r a l - d i r e c t i o n a l  i n s t a b i l i t i e s  as a r e s u l t  o f  
l a r g e  p o s i t i v e  p i t c h  r a t e .  A i r c r a f t  A p o s s e s s e s  a n  u n s t a b l e   D u t c h  
r o l l  mode du r ing   mos t   o f  t h e  22-sec  maneuver.  Aircraft  B e v i d e n c e s  
a n  u n s t a b l e  s p i r a l  mode f o r  much o f  t he  maneuver ,  w i th  a Dutch 
r o l l   i n s t a b i l i t y   d u r i n g   t h e   f i n a l   p u l l u p .   T h e s e   r e s u l t s   p r e d i c t  
i n c r e a s e d  p i l o t  w o r k l o a d  d u r i n g  m a n e u v e r i n g  f l i g h t  as a consequence 
o f  f a c t o r s  n o t  n o r m a l l y  c o n s i d e r e d  i n  s t a b i l i t y  a n d  c o n t r o l  
a n a l y s e s .  
CONTROL  RESPONSE 
C o n t r o l  i n p u t  time h i s t o r i e s  d e m o n s t r a t e  t h e  t r a n s i e n t  re- 
s p o n s e   o f   A i r c r a f t  B w i t h   i n c r e a s i n g  ao. The l a t e ra l  c o n t r o l  
i n p u t  is app l i ed  fo r  two  seconds  and  then  r emoved ,  and  a l l  re- 
s p o n s e s  a re  c o m p u t e d  u s i n g  t h e  l i n e a r - t i m e - i n v a r i a n t  m o d e l .  
F i g u r e  5 shows t h e   l a t e r a l - d i r e c t i o n a l   r e s p o n s e s   w h i c h   r e s u l t .  A s  
a n g l e  o f  a t t a c k  i n c r e a s e s ,  b o t h  t h e  s y s t e m  e i g e n v a l u e s  a n d  t h e  
c o n t r o l  e f f e c t i v e n e s s  v a r y .  The u n s t a b l e   D u t c h  roll mode is 
e x c i t e d  a t  a. of  20 d e g ,  a n d  t h e  yaw r a t e  r e s p o n s e  is r e v e r s e d .  
A l t h o u g h  t h e  a i r c r a f t  is a g a i n  s t a b l e  a t  25 d e g ,  t h e  c o n t r o l  
r e s p o n s e  is p o o r  d u e  t o  t h e  l a r g e  a d v e r s e  yaw r e s p o n s e .  A t  30 d e g ,  
t h e  l a te ra l  c o n t r o l  i n p u t  e x c i t e s  t h e  u n s t a b l e  r o l l - s p i r a l  o s c i l -  
l a t i o n ,  w h i c h  d o m i n a t e s  t h e  r e s p o n s e .  
A d d i t i o n a l  r e s u l t s  c o n t a i n e d  i n  r e f e r e n c e  2 i n d i c a t e  t h a t  
l o n g i t u d i n a l  r e s p o n s e  t o  l a t e r a l  c o n t r o l  is  abou t  50 p e r c e n t  o f  
d i r e c t i o n a l  r e s p o n s e  l e v e l s  when a0 and Bo are e a c h  1 0  d e g .  When 
pw0 = 75 d e g / s e c ,  t h e  r e s u l t i n g  Aq is o n e - t h i r d  as l a r g e  as Ar, 
and Aa r e s p o n s e  i s  t h r e e  times g r e a t e r  t h a n  Af3 r e s p o n s e .  
PILOTING EFFECTS 
T h e  e f f e c t s  w h i c h  t h e  p i l o t  h a s  o n  a i r c ra f t  s t a b i l i t y  c a n  
be  model led  by a c l o s e d - l o o p  s y s t e m  w h i c h  f e e d s  b a c k  a i r c r a f t  
m o t i o n s  t o  a v a i l a b l e  c o n t r o l  s u r f a c e s .  An o p t i m a l   c o n t r o l   p i l o t  
model  has been u s e d  f o r  t h i s  pu rpose  i n  r e f e r e n c e s  2 and  1 2 ,  a n d  
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i t  c o n t a i n s   t h e   f o l l o w i n g   e l e m e n t s :   a n   e s t i m a t o r ,   w h i c h   p r o -  
cesses t h e  p i l o t ' s  o b s e r v a t i o n s  t o  p r o v i d e  a n  estimate o f  t h e  
a i r c r a f t  s t a t e ;  a c o n t r o l l e r ,  w h i c h  m e c h a n i z e s  t h e  p i l o t ' s  r e g u -  
l a t i n g  f u n c t i o n s  a n d  t r a n s m i t s  t h e  r e s u l t s  t o  t h e  n e u r o m u s c u l a r  
dynamics;  and a neuromuscular   model ,   which   represents   the   dynamics  
o f  t h e  p i l o t ' s  l i m b s .  
I n v e s t i g a t i o n s  o f  p i l o t - a i r c r a f t  i n s t a b i l i t y  u s i n g  t h e  c o n -  
t r o l - t h e o r e t i c   p i l o t  model f a l l  i n t o  t w o   c a t e g o r i e s :   t h o s e  i n  
which t h e  p i l o t  f a i l s  t o  s t a b i l i z e  a n  u n s t a b l e  a i r c r a f t ,  a n d  t h o s e  
i n  w h i c h  t h e  p i l o t  d e s t a b i l i z e s  a s t ab le  a i r c r a f t .  I n  t h e  f i r s t  
c a s e ,  t h e  p i l o t ' s  time d e l a y ,   o b s e r v a t i o n   n o i s e ,   n e u r o m u s c u l a r  
time c o n s t a n t s ,  a n d  s c a n n i n g  f a c t o r s  are  i m p o r t a n t  p a r a m e t e r s .  
Assuming t h a t  t h e  a i r c r a f t ' s  l i n e a r i z e d  dynamics  have one or  more 
u n s t a b l e  e i g e n v a l u e s ,  t h e  a n a l y s i s  determines p i l o t  p a r a m e t e r s  f o r  
w h i c h   t h e   o p t i m a l   c o n t r o l   m o d e l   f a i l s   t o   e x i s t .  The second 
c a t e g o r y  i s  r e l a t e d  t o  t h e  p i l o t ' s  a b i l i t y  t o  a d a p t  t o  c h a n g i n g  
f l i g h t   c o n d i t i o n s .   P i l o t - i n d u c e d   o s c i l l a t i o n s   ( P I O )   a n d   d e p a r t u r e s  
c a n  occur  because  a c o n t r o l  s t r a t e g y  w h i c h  is a p p r o p r i a t e  t o  o n e  
f l i g h t  c o n d i t i o n  is  d e s t a b i l i z i n g  i n  a n o t h e r .  
The c o n t r o l - t h e o r e t i c  p i l o t  m o d e l  c a n  be u s e d  t o  a n a l y z e  
n o n a d a p t i n g   p i l o t   b e h a v i o r  i n  a s t r a i g h t f o r w a r d  m a n n e r .  I n  t h e  
e x a m p l e  c o n s i d e r e d  h e r e ,  t h e  p i l o t  m o d e l ' s  c o n t r o l  s t r a t e g y  is 
f i r s t   d e t e r m i n e d  a t  a low-a, f l i g h t   c o n d i t i o n .   T h i s   s t r a t e g y  i s  
f r o z e n ,   a n d   t h e   a i r c r a f t ' s   d y n a m i c s  are  a l lowed t o  change.  The 
s t a b i l i t y  o f  t h e  p i l o t - a i r c r a f t  s y s t e m  is determined by  i t s  
e i g e n v a l u e s .  
N o n a d a p t e d  p i l o t i n g  e f f e c t s  o n  p i l o t - a i r c r a f t  s t a b i l i t y  
r e g i o n s  c a n  be p r e s e n t e d  i n  t h e  a i r c r a f t ' s  ao-Bo p l a n e .  F i g u r e  6 
shows t h e  s t a b i l i t y  r e g i o n s  u n d e r  t h e  assumpt ion  t h a t  t h e  p i l o t  
is  a d a p t e d  t o  a. = 1 0  deg  and  Bo = 0 deg.  The i n s t a b i l i t i e s  of 
t h e  l o n g i t u d i n a l  modes  (phugoid a n d  s h o r t  p e r i o d )  are  t h e  same i n  
b o t h  c a s e s ,  s ince  t h e  a v a i l a b l e  c o n t r o l  is t h e  same i n  b o t h  cases. 
F i g u r e  6 s u g g e s t s  t h a t  i f  t h e  p i l o t  model   does   no t   adapt ,  a t  some 
p o i n t  low-a. p i lo t ing  p rocedure  combined  wi th  adve r se  yaw w i l l  
c a u s e   a n   i n s t a b i l i t y .  I n  f i g u r e   6 a   t h i s   o c c u r s  a t  a0117 deg,   and 
t h e  i n c o r r e c t  p r o c e d u r e  is c h a r a c t e r i z e d  by a n  u n s t a b l e  ( c l o s e d -  
l o o p )   s p i r a l  mode. When t h r e e   c o n t r o l s  a re  u s e d ,  t h e  i n s t a b i l i t y  
due t o  i n c o r r e c t  p r o c e d u r e  d o e s  n o t  o c c u r  u n t i l  a o z  26 deg, as 
shown i n  f i g u r e   6 b .   T h e s e   r e s u l t s  are compa t ib l e  w i t h  e x p e r i m e n t a l  
r e s u l t s  o b t a i n e d  from manned s i m u l a t i o n  a n d  f l i g h t  t e s t  of 
A i r c r a f t  B .  
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F l y i n g  q u a l i t i e s  c a n  be improved  by  us ing  an  au tomat ic  s y s -  
tem t o  c o m p e n s a t e  f o r  v a r i a t i o n s  i n  a i rc raf t  dynamic character- 
istics. C o n t r o l   l o g i c   f o r  a D e p a r t u r e - P r e v e n t i o n   S t a b i l i t y  
Augmentation System (DPSAS) c a n  be deve loped  us ing  op t ima l  con-  
t r o l   t h e o r y  ( r e f s .  1 and 2 ) .  The l i n e a r - o p t i m a l   r e g u l a t o r  is 
a feedback c o n t r o l  l a w  of t h e  form 
where K i s  a g a i n  m a t r i x  which scales feedback a n d  c r o s s f e e d  
terms f o r  p r o p e r  s t a b i l i z a t i o n  a n d  c o m p e n s a t i o n  o f  t h e  a i r c r a f t ' s  
motion ( r e f .  1 3 ) .  K v a r i e s   t o   m a i n t a i n   g o o d   f l y i n g   q u a l i t i e s  
f o r  l a r g e  v a r i a t i o n s  i n  m a n e u v e r i n g  c o n d i t i o n s ,  g u a r a n t e e i n g  
c l o s e d - l o o p  s t a b i l i t y  a n d  a c c o u n t i n g  f o r  a l l  s i g n i f i c a n t  l o n g i -  
tudinal/lateral-directional c o u p l i n g .  
Comparisons of DPSAS c losed - loop  r e sponse  w i t h  open-loop 
response  of  t h e  s u b j e c t  a i rc raf t  a re  p r e s e n t e d  i n  f i g u r e s  7 
and  8 .  Each a i r c ra f t  is pe r fo rming  a c o n s t a n t - r o l l - r a t e  maneu- 
v e r  and  is s u b j e c t e d  t o  a A B  i n i t i a l  c o n d i t i o n  o f  1 d e g .  The 
roll ra te  leads t o  s u b s t a n t i a l  l o n g i t u d i n a l  r e s p o n s e  f o r  b o t h  
a i r c ra f t ,  w i t h  Aircraf t  A e x h i b i t i n g  a l i g h t l y  damped o s c i l l a -  
t i o n  i n  t h e  unaugmented  condi t ion  and  Aircraft B p o s s e s s i n g  a 
rea l  d i v e r g e n c e .   I n   b o t h   c a s e s ,  t h e  DPSAS q u i c k l y  damps a l l  
p e r t u r b a t i o n s ,  u s i n g  g a i n s  w h i c h  are s p e c i f i c  t o  t h e  a i r c r a f t  
and f l i g h t  cond i t ion .   L inea r - t ime- inva r i an t   dynamic   mode l s  
c a n  be u s e d  t o  d e v e l o p  t h e  n e c e s s a r y  v a l u e s  o f  K t h roughou t  
t h e  f l i g h t  e n v e l o p e ,  a n d  g a i n s  c a n  be s c h e d u l e d  i n  t h e  f l i g h t  
c o n t r o l  s y s t e m  t o  m i n i m i z e  t h e  p r o b a b i l i t y  o f  d e p a r t u r e .  
CONCLUSION 
The a n a l y s i s  o f  a i r c ra f t  % l y i n g  a t  h i g h  a n g l e  o f  a t tack  
and maneuver ra te  can  be aided b y  c o n s i d e r i n g  f u l l y  c o u p l e d  
l i nea r - t ime- inva r i an t   dynamic   mode l s .  The coup led  l i nea r  equa- 
t i o n s  are no  more d i f f i c u l t  t o  h a n d l e  t h a n  u n c o u p l e d  l o n g i -  
t u d i n a l  a n d  l a t e r a l - d i r e c t i o n a l  sets when "state-space" 
methods are u s e d ,  y e t  t h e y  c a p t u r e  s i g n i f i c a n t  aspects of  
maneuvering f l i g h t  which o t h e r w i s e  w o u l d  r e q u i r e  the s o l u -  
t i o n  of n o n l i n e a r   e q u a t i o n s  of mot ion .  New i n s i g h t s  regard- 
i n g  o p e n - l o o p  s t a b i l i t y  b o u n d a r i e s ,  h a n d l i n g  q u a l i t i e s ,  a n d  
c l o s e d - l o o p  c o n t r o l  c a n  be g a i n e d  b y  d i r e c t  e x t e n s i o n  o f  w e l l -  
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NONLINEAR EFFECTS 
F i g u r e  1.- Dynamic  models for maneuver ing  f l i g h t .  
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(b) C o u p l e d  l i n e a r i z a t i o n .  
F i g u r e  2 . -  Comparison of  r e s p o n s e s  o f  n o n l i n e a r  a n d  l i n e a r  
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FAST ROLL PITCH DIVERGENCE 
UNSTABLE LATERAL-LONGITUDINAL FAST OSCILLATION 
(a)   Aircraf t  A :  Vo = 94 m/s, ( b )  Aircraft  B :  V o = 2 1 3  m/s. 
F i g u r e  3 . -  E f f e c t s  of  mean a n g l e s  of a t t a c k  a n d  s i d e s l i p  o n  
d y n a m i c  s t a b i l i t y  b o u n d a r i e s .  
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ROLL RATE, P ldeg/wcl 
' 0  
(a)   Aircraf t  A :  Vo=94m/s, ao=15 deg. (b) Aircraf t  B : Vo=213m/s, a,=10 deg. 
F i g u r e  4 . -  E f f e c t s  of  c o m b i n e d  s i d e s l i p  a n g l e  a n d  w i n d - a x i s  roll 
r a t e  on  dynamic s t a b i l i t y  b o u n d a r i e s .  
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F i g u r e  5 . -  E f f e c t s  o f  i n c r e a s i n g  a n g l e  o f  a t t a c k  on l a t e r a l  
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(a> P i l o t  u s e s  c o n t r o l  s t i c k  o n l y .  (b) P i l o t  u s e s  c o n t r o l  s t i c k  a n d  r u d d e r  p e d a l s .  
F i g u r e  6 . -  S t a b i l i t y  b o u n d a r i e s  of a i r c r a f t  B with p i l o t  c o n t r o l .  
( P i l o t  u s e s  c o n t r o l  s t r a t e g i e s  a p p r o p r i a t e  t o  a0 = 1 0  deg . )  
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OPEN-LOOP  RESPONSE 
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CLOSED-LOOP  RESPONSE 
F i g u r e  7 . -  Response o f  a i r c r a f t  A to s i d e s l i p  p e r t u r b a t i o n  
d u r i n g  c o n s t a n t - r o l l - r a t e  m a n e u v e r .  = 3 9 . 6  deg / sec ;  
a. = 15O; Vo = 9 4  m / s .  pWO 
O P E N - L O O P   R L S P O N S E  
C L O S E D - L O O P W S P O N S E  
F i g u r e  8 . -  Response o f  a i r c r a f t  B t o  s i d e s l i p  p e r t u r b a t i o n  
d u r i n g  c o n s t a n t - r o l l - r a t e  m a n e u v e r .  = 75 deg / sec ;  
a ,  = loo; Vp = 213 m/s. pWO 
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